Abstract. This paper is concerned with the ð p 1
Introduction
Let ðp 1 ; p 2 ; p 3 Þ be a triple of primes. We say that a group is a ðp 1 ; p 2 ; p 3 Þ-group if it is generated by two elements of orders p 1 , p 2 whose product has order p 3 . In other words a non-cyclic group is a ðp 1 ; p 2 ; p 3 Þ-group if it is a homomorphic image of the triangle group T where T ¼ T p 1 ; p 2 ; p 3 ¼ hx; y; z :
Recall that a finite ð2; 3; 7Þ-group is also called a Hurwitz group (see [4] ).
In this paper we are concerned with the ðp 1 ; p 2 ; p 3 Þ-generation problem for finite groups of Lie type. Let G be a simple algebraic group of classical or exceptional type defined over an algebraically closed field of prime characteristic p and let G 0 ¼ Gð p r Þ be a finite group of Lie type arising from G. If 1=p 1 þ 1=p 2 þ 1=p 3 d 1 then the only possible finite non-abelian simple image of T is the alternating group Alt 5 (see [4, p. 361] ). We therefore assume hereafter that 1=p 1 þ 1=p 2 þ 1=p 3 < 1 so that T is a hyperbolic triangle group. We then call ðp 1 ; p 2 ; p 3 Þ a hyperbolic triple of primes. Without loss of generality, we also suppose that p 1 c p 2 c p 3 .
There are many results in the literature about Hurwitz generation in finite groups of Lie type. The first is due to Macbeath who proved in [11] that PSL 2 ðp n Þ is a Hurwitz group if and only if n ¼ 1 and p 1 0;G1 modulo 7, or n ¼ 3 and p 1G2;G3 modulo 7. Cohen showed in [3] that PSU 3 ðqÞ is never a Hurwitz group, and that PSL 3 ðqÞ is a Hurwitz group if and only if q ¼ 2. It is known, see [21] , that there are no Hurwitz groups amongst the groups PSU 4 ðqÞ and PSL 4 ðqÞ, and from [20] , given a prime p there is at most one positive integer r such that PSU 5 ðp r Þ (respectively, PSL 5 ð p r Þ) is a Hurwitz group. The next known dimension n for which PSL n ðqÞ is Hurwitz is n ¼ 49 and in fact PSL 49 ðqÞ is ð2; 3; 7Þ-generated for any q (see [22] ). Hurwitz generation for some classical groups of large rank is proved in [9] , [10] . In [16] , a large number of quasisimple classical groups of low rank are shown not to be ð2; 3; 7Þ-generated. For example, none of the quasisimple groups SU n ðqÞ, SL n ðqÞ with n ¼ 4; 5; 6; 10 are Hurwitz.
The Hurwitz groups amongst the exceptional groups of Lie types 2 G 2 , G 2 , 3 D 4 and 2 F 4 have been determined (see [12] and [13] ). Except in characteristic 3 for the Steinberg triality groups or possibly when the size of the underlying field is small, these groups are Hurwitz provided that they contain elements of order 7.
Turning to general hyperbolic triples ð p 1 ; p 2 ; p 3 Þ of primes, there are fewer results in the literature. It is proved in [14, Corollary 1] that given a prime p there is a unique positive integer r such that PSL 2 ð p r Þ is a ðp 1 ; p 2 ; p 3 Þ-group. In fact, r is the smallest integer such that lcmð p 1 ; p 2 ; p 3 Þ divides jPSL 2 ðp r Þj. For PSU 3 ðqÞ and PSL 3 ðqÞ, it is shown in [15] that there is a dichotomy between the triples ðp 1 ; p 2 ; p 3 Þ for which p 1 ¼ 2 and those for which p 1 0 2, in the following sense. For a given prime p and a fixed triple ð2; p 2 ; p 3 Þ, there are at most two (respectively, four) positive integers r such that PSU 3 ðp r Þ (respectively, PSL 3 ð p r Þ) is a ð2; p 2 ; p 3 Þ-group. This contrasts with the situation when p 1 0 2, where for a given prime p and a fixed triple ðp 1 ; p 2 ; p 3 Þ of odd primes, there are infinitely many positive integers r such that PSU 3 ð p r Þ (respectively, PSL 3 ð p r Þ) is a ðp 1 ; p 2 ; p 3 Þ-group. (Indeed if G 0 ¼ PSU 3 ðqÞ or PSL 3 ðqÞ, p 1 > 2 and lcmð p 1 ; p 2 ; p 3 Þ divides jG 0 j, then the probability that a randomly chosen homomorphism in HomðT p 1 ; p 2 ; p 3 ; G 0 Þ is an epimorphism tends to 1 as jG 0 j ! y.)
We formulate a conjecture below which places these results into a more conceptual framework, and also motivates a further specific study of the ð p 1 ; p 2 ; p 3 Þ-generation problem for finite groups of Lie type.
To set up the conjecture we need the following result. In the statement, given a hyperbolic triple ðp 1 ; p 2 ; p 3 Þ of primes, we let d
be the maximal dimension in G of a conjugacy class of G of elements of order p i . Furthermore, throughout the paper, given a prime p, we let F denote an algebraically closed field of characteristic p. Recall that a quasisimple group is a perfect group whose quotient by its centre is simple. Proposition 1. Let G 0 ¼ Gðp r Þ be a finite quasisimple group of Lie type, and let G be the corresponding algebraic group over F. If
Most of the above proposition follows from [19] . We give a full proof for completeness in Section 2. Proposition 1 motivates the following definition.
Definition. We say that the hyperbolic triple ðp 1 ; p 2 ; p 3 Þ is rigid for a simple algebraic group G if
Conjecture. Let p be a prime and let G 0 ¼ Gð p r Þ denote a finite quasisimple group of Lie type with corresponding algebraic group G defined over F. Suppose that ð p 1 ; p 2 ; p 3 Þ is a rigid hyperbolic triple of primes for G. Then there are only finitely many positive integers r such that Gðp r Þ is a ðp 1 ; p 2 ; p 3 Þ-group.
We will classify all rigid triples of primes in Theorem 3 below. For example in PSL 2 ðFÞ all triples are rigid; and in PSL 3 ðFÞ the triple ðp 1 ; p 2 ; p 3 Þ is rigid if and only if p 1 ¼ 2. Hence the conjecture holds for PSL 2 ðqÞ, PSU 3 ðqÞ, PSL 3 ðqÞ by results in [14] , [15] discussed above. As another illustration, by Theorem 3 below, the only possible rigid triple for SL 10 ðFÞ is ð2; 3; 7Þ, and so the conjecture also holds for SU 10 ðqÞ, SL 10 ðqÞ. Also, since by Theorem 3 a rigid triple for SL n ðFÞ with n A f2; 3g remains rigid for PSL n ðFÞ it follows that the conjecture also holds for SL 2 ðqÞ, SU 3 ðqÞ and SL 3 ðqÞ. More generally, using Theorem 3 and the concept of linear rigidity defined in [19] (originally introduced in [5] ) we prove that the conjecture holds in almost all cases. We also derive the following result. It is natural to refine the triples which are not rigid for a simple algebraic group G into reducible and non-rigid triples, as follows. We say that the triple ðp 1 ;
Below is the classification of the reducible, rigid and non-rigid triples of primes for simple algebraic groups G defined over an algebraically closed field F of prime characteristic p. Recall that if G is not of simply connected or adjoint type then either G is abstractly isomorphic to SL n ðFÞ=C where C c ZðSL n ðFÞÞ, or G is of type D m , p 0 2 and G is abstractly isomorphic to SO 2m ðFÞ or a half-spin group HSpin 2m ðFÞ where m is even in the latter case. (a) The reducible hyperbolic triples ðp 1 ; p 2 ; p 3 Þ of primes, with p 1 c p 2 c p 3 , for simple algebraic groups of simply connected or adjoint type are exactly those given in Table 1 .
(b) The rigid hyperbolic triples ðp 1 ; p 2 ; p 3 Þ of primes, with p 1 c p 2 c p 3 , for simple algebraic groups of simply connected or adjoint type are exactly those given in Table 2 .
(c) The classification of triples of primes for SO n ðFÞ is the same as for PSO n ðFÞ.
(d) The classification of triples of primes for HSpin 2m ðFÞ is the same as for Spin 2m ðFÞ.
(e) If C c ZðSL n ðFÞÞ contains an involution then the classification of triples of primes for SL n ðFÞ=C is the same as for PSL n ðFÞ. Otherwise, the classification of triples of primes for SL n ðFÞ=C is the same as for SL n ðFÞ.
Using Proposition 1, Table 1 gives us a list of examples of finite quasisimple groups of Lie type that are not ðp 1 ; p 2 ; p 3 Þ-generated. If q is odd then it is not a surprise that SL 2 ðqÞ is not a ð2; p 2 ; p 3 Þ-group, as the only involution in SL 2 ðqÞ is central. As another example, if q is odd and p 3 d 7 is a prime then Sp 4 ðqÞ and Sp 6 ðqÞ are never ð2; 3; p 3 Þ-groups. Also if q is odd then Sp 6 ðqÞ is never a ð2; 5; 5Þ-group. With a single exception, the non-Hurwitz finite symplectic groups that are derived from Table 1 are already listed in [16] . As a new contribution, if q is odd then by We now turn to the rigid triples given in Concerning quasisimple groups with non-trivial centre the conjecture remains open only for the symplectic groups given in Table 2 , and in particular it motivates, in its own right, a further study of Hurwitz generation of various symplectic groups, namely Sp 20 ðqÞ, Sp 24 ðqÞ, Sp 26 ðqÞ for q odd. The converse to the conjecture does not hold in general, in the sense that we can have a simple algebraic group G defined over F, and a non-rigid hyperbolic triple ð p 1 ; p 2 ; p 3 Þ of primes for G for which there are only finitely many positive integers r such that Gð p r Þ is a ðp 1 ; p 2 ; p 3 Þ-group. For example, by [16] , SL 7 ðp r Þ is never a Hurwitz group, although the triple ð2; 3; 7Þ is non-rigid for SL 7 ðFÞ. Other similar classical examples can be given using [16] . As a final illustration, 3 D 4 ð3 r Þ is never a Hurwitz group (see [13] ), but the triple ð2; 3; 7Þ is non-rigid for the simple adjoint group of type D 4 over an algebraically closed field of characteristic 3. It would be interesting to investigate a possible converse to the conjecture. Ideally such a result would give necessary and su‰cient conditions for Gðp r Þ to be a ð p 1 ; p 2 ; p 3 Þ-group only for finitely many r. We leave this task for a future paper.
The layout of the paper is as follows. In Section 2 we prove Proposition 1. In Section 3 we prove Theorems 1 and 2. Finally we derive Theorem 3 for exceptional groups in Section 4 and for classical groups in Section 5. 
The proof of Proposition 2.1 is based on the following three lemmas. The first lemma is Scott's formula.
Lemma 2.1 (Scott [17] ). Let H be a group acting linearly on a finite-dimensional vector space V . For X a subgroup or element of H, let vðX Þ ¼ vðX ; V Þ denote the codimension of the fixed-point space of X in V , and write vðX Ã Þ for vðX ; V Ã Þ, where V Ã is the dual of V . Suppose that H is generated by elements x 1 ; . . . ; x s with x 1 . . .
In the next lemma, we apply Scott's formula to the adjoint module LðGÞ.
Lemma 2.2. Let LðGÞ denote the Lie algebra of G. Let g 1 , g 2 , g 3 be elements of G such
Assume also that C LðGÞ ðHÞ ¼ 0. Then
Proof. We apply Scott's formula to the module LðGÞ for H. Since C LðGÞ ðHÞ ¼ 0, we get
The result follows from the equality dim LðGÞ ¼ dim G and the assumption that for i ¼ 1; 2; 3 we have dim C LðGÞ
The next lemma ensures that the hypotheses of Lemma 2.2 hold when G is of symplectic or orthogonal type, and p 0 2. Lemma 2.3. Let G be of symplectic or orthogonal type over an algebraically closed field of characteristic p > 2. Then the following assertions hold. Proof. Part (a) is shown in [18, p. 38] . Now consider part (b). We write V for the natural module for G. Suppose first that G is of symplectic type. Since p 0 2, H fixes a non-degenerate alternating bilinear form f on V . As H is irreducible, by Schur's lemma, f is (up to scalars) the unique non-zero bilinear form on V fixed by H. Because p 0 2, we have LðGÞ G S 2 ðV Þ as a G-module. Also S 2 ðV Þ is isomorphic to the space of symmetric bilinear forms on V . It follows that C LðGÞ ðHÞ ¼ 0.
Finally suppose that G is of orthogonal type. As p 0 2, we have LðGÞ G 5 2 ðV Þ, the space of alternating forms on V . But H fixes up to scalars a unique (nondegenerate) bilinear form on V which is symmetric. It follows that C LðGÞ ðHÞ ¼ 0. r
Suppose first that G is of linear type in dimension n. Then H acts by conjugation on the algebra V ¼ M n ðFÞ consisting of n Â n matrices over F. Since H is an irreducible subgroup of G, we have 2rþ1 Þ are never ð2; 3Þ-generated or ð3; 3Þ-generated and the Ree groups of type 2 G 2 are never ð2; 5Þ-generated (as they respectively do not contain elements of orders 3 and 5).
The main ingredient in the proof of Proposition 3.1 is the use of linear rigidity, a notion introduced in [19] . In the statement below, K denotes any field.
Definition. Let g 1 ; . . . ; g s A GL n ðKÞ with g 1 . . . g s ¼ 1. We say that ðg 1 ; . . . ; g s Þ is a linearly rigid tuple if the following holds: for any h 1 ; . . . ; h s A GL n ðKÞ with h 1 . . . h s ¼ 1 such that h i is conjugate to g i for each i, there exists g A GL n ðKÞ with g i ¼ gh i g À1 for all i.
We need the following lemma which follows from [19, Theorem 2.3].
Lemma 3.1. Let G ¼ SL n ðFÞ and let g 1 , g 2 , g 3 be elements of G such that g 1 g 2 g 3 ¼ 1 and hg 1 ; g 2 i acts irreducibly on the natural module for G. If
Proposition 3.1 is a direct consequence of the following lemma.
Þ is a rigid triple of primes for SL n ðFÞ then up to conjugacy in GL n ðFÞ, there are only finitely many irreducible subgroups of SL n ðFÞ that are ðp 1 ; p 2 ; p 3 Þ-generated.
Þ is a rigid triple of primes for SL n ðFÞ=C then up to isomorphism, there are only finitely many irreducible subgroups of SL n ðFÞ=C that are ðp 1 ; p 2 ; p 3 Þ-generated.
Proof. (a) We denote by jgj the order of an element g A SL n ðFÞ. Let
and for a fixed triple ðC 1 ; C 2 ; C 3 Þ of conjugacy classes of SL n ðFÞ consisting respectively of elements of orders p 1 , p 2 , p 3 , let
Since ð p 1 ; p 2 ; p 3 Þ is a rigid triple of primes, it follows from Proposition 2.1 and Lemma 3.1 that every element of T is linearly rigid. Hence if T C 1 ; C 2 ; C 3 0 q then GL n ðFÞ is transitive on T C 1 ; C 2 ; C 3 . Since the number of conjugacy classes C i of elements of order p i in SL n ðFÞ is finite, it follows that GL n ðFÞ has finitely many orbits on T. Therefore up to conjugacy in GL n ðFÞ, there are only finitely many irreducible subgroups of SL n ðFÞ that are ðp 1 ; p 2 ; p 3 Þ-generated.
(
(The last assertion follows from the rigidity of ðp 1 ; p 2 ; p 3 Þ for SL n ðFÞ=C together with Proposition 2.1 applied to SL n ðFÞ=C.) Set
By Lemma 3.1 every element ofT T is linearly rigid, and a similar argument to that given in (a) above shows that GL n ðFÞ has finitely many orbits onT T. Therefore up to isomorphism there are only finitely many irreducible subgroups of SL n ðFÞ=C that are ðp 1 ; p 2 ; p 3 Þ-generated. r Proof of Proposition 3.2. Let G ¼ Spin n ðFÞ or HSpin n ðFÞ. We describe in the two tables below the elements g in G of order u A f2; 3; 7g for which the conjugacy class in G has maximal dimension. In the tables, J i denotes a unipotent Jordan block of size i, and o is an element of F of order u. Also if G ¼ Spin n ðFÞ we let g be the image of g under the canonical map G ! SO n ðFÞ; and if G ¼ HSpin n ðFÞ we letĝ g be the image of g in PSO n ðFÞ, and let g be a preimage ofĝ g in SO n ðFÞ. 
Proof of Theorem 3 for exceptional groups
In the rest of the paper, we prove Theorem 3. Let us fix some notation. We let G be a simple algebraic group defined over an algebraically closed field F of prime characteristic p. Given an element g in G we let
Finally, given a prime number u, we denote the maximal dimension of a conjugacy class of G of elements of order u by d u or d Proof. We first suppose that G is of adjoint type. Lawther gives in [6] for each prime u the maximal dimension d u of a conjugacy class of G of elements of order u. In particular, we have the following table.
The result follows from the table.
Suppose now that G is of simply connected type. Without loss of generality, we can assume that G is of type E 6 or E 7 and p 0 3 or 2 respectively, as these are the only cases where the simply connected and the adjoint groups are not abstractly isomorphic. We denote by H the corresponding simple algebraic group of adjoint type.
Suppose first that G is of type E 6 . If u 0 3 then clearly d 
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It follows that every hyperbolic triple of primes is non-rigid for G. r
Proof of Theorem 3 for classical groups
We now classify hyperbolic triples of primes for classical simple algebraic groups G defined over an algebraically closed field F of prime characteristic p. For clarity we give below a table describing the classical simple algebraic groups of simply connected type and adjoint type arising from the types A l , B l , C l , D l . We denote by n the dimension of the natural module for G. To prove Theorem 3 for classical groups, given a prime u, we find d G u , or when this is awkward a class of large (possibly not maximal) dimension of elements of G of order u, where G is of simply connected type. When the corresponding natural module is of small dimension, this data is recorded in Tables 3-9 in Section 5.5.
Elements of prime order.
Let G be a classical algebraic group of simply connected type with natural module of dimension n. 
Sp n ðFÞ n ¼ 2m
Spin n ðFÞ, p 0 2 n ¼ 2m
In the table e A f0; 1g is such that m 1 e mod 2.
Proof. The statement concerning elements of order 3, or elements of order 2 when charðFÞ ¼ 2, follows from the proof of [7, Proposition 4.1] . We now assume that p 0 2. For G ¼ SL n ðFÞ, one checks that the minimal dimension of the centralizer of an involution is achieved by where t A f0; 1g is such that n ¼ 2m þ t. (Note that here we describe the element g 1 by its image in SO n ðFÞ.) r
We now describe some general elements of G of prime order u d 5. In the statement below, J i denotes a unipotent Jordan block of size i, and we let o be an element of F of order u.
Definition. Suppose that n 1 z mod 5 and n 1 g mod 7 where 0 c z < 5 and 0 c g < 7. We define the elements g a , g b , g c , g d , g e , g f of G of prime order u d 5 as follows.
Here the following hold: 
Also we slightly abuse notation by describing elements of Spin n ðFÞ by their images in SO n ðFÞ.
Note that up to conjugation the elements g a , g b , g c , g d , g e , g f are uniquely defined (see [8, Theorem 3] ). In the following three lemmas, we give the dimensions of their conjugacy classes.
Lemma 5.1.2. Suppose that G ¼ SL n ðFÞ. Then the following assertions hold.
Lemma 5.1.3. Suppose that G ¼ Sp n ðFÞ. Then the following assertions hold.
Lemma 5.1.4. Suppose that G ¼ Spin n ðFÞ or G ¼ SO n ðFÞ with p ¼ 2. Then the following assertions hold.
Proof of Lemmas 5. i where r i is even for each odd i if G ¼ Sp n ðFÞ, and r i is even for each even i if G ¼ Spin n ðFÞ, and
Suppose now that g is a semisimple element. It is straightforward to derive the structure of C G ðgÞ and to calculate d G g . For example suppose that G ¼ Sp n ðFÞ and g ¼ ðo 1 Suppose first that n c a. We use Tables 4, 6 , 7, 8 and 9 in Section 5.5 which list the maximal dimension of a conjugacy class of G of elements of order u A f2; 3; 7g. They also give a representative g in G of prime order u d 11 whose conjugacy class has large dimension. The result follows from the tables.
Suppose now that n > a. If n c p 3 then there is a regular element g in G of order p 3 . Hence d
Hence the triple ð2; 3; p 3 Þ is non-rigid. Assume finally that n > p 3 . Consider an element g in G of order p 3 of the form g e if p 3 ¼ p, and of the form g f if p 3 0 p. Then Lemmas 5. Proof. We prove that the triple ð2; p 2 ; p 2 Þ is non-rigid. It is then clear that in general the triple ð2; p 2 ; p 3 Þ is non-rigid.
If G ¼ Spin n ðFÞ with n c 9 then the result follows at once from Tables 8 and  9 . We therefore suppose that n d 10 if G ¼ Spin n ðFÞ. If n c p 2 then there exists a regular element g in G of order p 2 , and by applying Lemma 5.1.1 we get d Proof. By Lemma 5.1.1 the maximal dimension of an involution class in G is at least equal to the maximal dimension of an involution class in a simply connected group H of the same type as G but defined over an algebraically closed field of odd characteristic. The result now follows from the proofs of Lemmas 5.2.1-5.2.3 where we classify the triple ð2; p 2 ; p 3 Þ for H. Indeed, if ð2; p 2 ; p 3 Þ is non-rigid for H then it is also nonrigid for G, and if it is rigid for H then it remains rigid for G if and only if d
Finally if ð2; p 2 ; p 3 Þ is reducible for H then the di¤erence d Proof. We prove that the triple ð p 1 ; p 2 ; p 3 Þ is non-rigid. Suppose first that ð p 1 ; p 2 ; p 3 Þ 0 ð3; 3; 5Þ. Assume that G is not of symplectic type or n B f14; 16; 18; 22g or ð p 1 ; p 2 ; p 3 Þ 0 ð3; 3; 7Þ:
, the result follows from the fact that the triple ð2; p 2 ; p 3 Þ is not reducible for G by previous lemmas. If G ¼ Sp n ðFÞ where n A f14; 16; 18; 22g and ð p 1 ; p 2 ; p 3 Þ ¼ ð3; 3; 7Þ then the result follows at once from Table 6 .
Suppose finally that ð p 1 ; p 2 ; p 3 Þ ¼ ð3; 3; 5Þ. If G is of type D 4 then the result follows from Table 8 . For the other cases, one can choose an element g of G of order 5 of the form g c or g d and simply apply Lemmas 5.1.1-5.1.4 to show that 2d
This completes the proof of Theorem 3 for simply connected groups.
Proof of Theorem 3 for adjoint groups.
Let H be the simply connected group corresponding to the adjoint group G. We have d , and if G is a half-spin group the result then follows from the fact that d Tables 3-9 some representatives g of prime order u in simply connected classical groups G of low rank defined over F. We let n denote the dimension of the natural module for G. If G ¼ Spin n ðFÞ we describe g by its image in SO n ðFÞ. For each g we give the dimension d G g of its conjugacy class. We assume that p ¼ charðFÞ > 2 if u ¼ 2. The elements described have conjugacy classes of maximal dimension provided that they are of order u A f2; 3; 5; 7g, or G is of linear type and n c 14, or G is of symplectic type and n c 12. If u > 7 the classes given are of su‰ciently large dimension for us to check in the above proofs that every hyperbolic triple ðp 1 ; p 2 ; p 3 Þ of primes with p 3 > 7 is non-rigid for G, unless G is of linear type and n c 6 or G is of symplectic type and n c 10. Table 3 . Maximal dimension of a conjugacy class of an element of prime order u in G ¼ SL n ðFÞ, charðFÞ > 0, n c 14. 
o A F denotes an element of order u. On triangle generation of finite groups of Lie type 
o A F denotes an element of order u. Table 5 . Maximal dimension of a conjugacy class of an element of prime order u in G ¼ Sp n ðFÞ, charðFÞ > 0, n A f4; 6; 8; 10; 12g. 
